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33 $H^{3}$ , Weier-
$8\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{s}\mathrm{s}$ (G\’alvez, Mart ez, Mflk [GMM]). ,
, 2 ( )
. - , $H^{3}$ horosphere ,
. , .
, –flat front – ,
. , , Wayne Roesman,
, [KUY, KRSUY, $\mathrm{K}\mathrm{R}\mathrm{U}\eta$ ,
.
1 3
$-1$ 3 $H^{3}$ . 2 $M^{2}$ $H^{3}$
$f:M^{2}arrow H^{3}$ , $0$ .
horosphere ( )
(Volkov-Vladi’mirova, S. Sasaki, 1).
, :




$\bullet$ , ( 1).
2
2 $M^{2}$ $H^{3}$ ,
$f:M^{2}arrow H^{3}$ , , $M^{2}$ $T_{1}^{*}H^{3}$
$L:M^{2}arrow T_{1}^{*}H^{3}$ $f$ .
$T_{1}^{*}H^{3}$ $T_{1}H^{3}$ – , $L$ , $f$
|} $2005$ 12 5 \sim 9 ,
1518 2006 87-96 87
horoephere hourglass snowman
1: ( 2 ) ; ( 2 $’\supset$)
$\nu$ . $\nu$ $f$
, ($df,$ $\nu\rangle=0$ .
$f:M^{2}arrow H^{3}$ $\nu$ , $t\in R$ $f_{t}(p)=$
$\mathrm{E}\mathrm{x}\mathrm{p}_{f[p)}t\nu(p)(p\in M^{2})$ : $M^{2}arrow H^{3}$ .
$\mathrm{E}\mathrm{x}\mathrm{p}$
$H^{3}$ . $f$ $t$ .
$p$ $f$ , ( )
. , :
2.1. $f:M^{2}arrow H^{3}$ , $P$ ,
$P$ .
G\’alvez, Mart\’inez, Mil\’an $H^{3}$ ( )
, [GMM] ,
[$\mathrm{K}\mathrm{U}\eta$ . , $H^{3}$
$H^{3}=\mathrm{S}\mathrm{L}(2, C)/\mathrm{S}\mathrm{U}(2)=\{a^{t}\overline{a};a\in \mathrm{S}\mathrm{L}(2, C)\}$
.
2.2 ( [GMM, $\mathrm{K}\mathrm{U}\eta$ ). $f:M^{2}arrow H^{3}$
, $M^{2}$ $E:\overline{M}^{2}arrow \mathrm{S}\mathrm{L}(2, C)$
, $f=E^{t}\overline{E}$
(2.1) $E^{-1}dE=$ ($\omega,$ $\theta$ : 1 )
.
(2.2) $d\sigma^{2}=|\theta|^{2}+|\omega|^{2}$
$M^{2}$ ( ) .
, $H^{3}$ .




canonical forms . $f$ $H^{S}$ $ds^{2}$ (
) $\Pi=-\langle ff,d\nu$ ) .
(, $\rangle$ $H^{3}$ , $\nu$ $f$ :
$ds^{2}=\omega\theta+\overline{\omega\theta}+(|\omega|^{2}+|\theta|^{2})$ , $\Pi=|\theta|^{2}-|\omega|^{2}$ .
$f$ $L_{f}$ : $M^{2}arrow T_{1}^{*}H^{3}$
( ) (2.2) 2 . $M^{2}$ (
) .
3
, . , $H^{3}$
$R^{3}$ , . $R^{2}$
$U$ , $R^{3}$ $f1:(U, 0)arrow(R^{3},0)$
$f_{2}$ : $(U, 0)arrow(R^{3},0)$ $A$- , $R^{2}$
$\varphi$ , $R^{3}$ $\Phi$ $=\Phi\circ fi\circ\varphi$
. 3 cuspidal edge $(u,v)rightarrow$
$f_{C}(u, v)=(u,v^{2},v^{3})$ swallowtail $(u,v)rightarrow f_{S}(u,v)=(3\mathrm{u}^{4}+u^{2}v, 4\mathrm{u}^{3}+2uv,v)$
$A$- ( 2).
, cuspidal edge, swallowtail $A$- ( ,
“
$\mathrm{c}\mathrm{u}\epsilon \mathrm{p}\mathrm{i}\mathrm{d}\mathrm{a}\mathrm{l}$ edge (swallowtail) ” )
[KRSU , , ,
(canonicd forms $\omega,$ $\theta$) ,
:
3.1 ( [KRSUY, $\mathrm{T}\mathrm{h}\infty \mathrm{r}\mathrm{e}\mathrm{m}1.2]$ ). $f:M^{2}arrow$
$H^{3}$ $P\in M^{2}$ $z$ , canonical forms $\omega,$ $\theta$
$\omega=$ $dz,$ $\theta=\hat{\theta}dz$ ,
$\bullet$





. ’ $=d/dz$ .
$\bullet$
$P$ cuspidal edge









$\theta$ $0$ , $\omega=dz$
. $\theta=e^{h}dz$ , $h$
. $f_{h}$ canonical forms $(dz, e^{h}dz)$
. 31 ,
cuspidal edge swallowtail .
3.2 ([KRSUY, $\mathrm{T}\mathrm{h}\infty \mathrm{r}\mathrm{e}\mathrm{m}\bm{3}.4]$ ). $U\subset C$ , $F(U):=\{f_{\hslash}|h\in$
$O(U)\}$ $O(U)$ C\infty . $K\subset U$ }
, $S(K)\subset F(U)$ $K$ cupsidal edge swallowtail
. , $S(K)$ $F(U)$ .
4
$f:M^{2}arrow H^{3}$ $P$ , $f(p)$ \nu (p) $(\nu(p))$
$H^{3}$ $H^{3}$ $\partial H^{\theta}=C\mathrm{U}\{\infty\}$ $G(p)(G_{*}(p))$
$G,$ $G_{*}$ . $f$ $E=(E_{ij})$
$G=E_{11}/E_{21},$ $G_{*}=E_{12}/E_{22}$ , $M^{2}$
. , $G,$ $G_{*}$ $M^{2}$ . , $f$
– . , –
, :
$f=E^{t}\overline{E}$, $E=$ $\Delta:=e^{t}\exp\int\frac{dG}{G-G_{*}}$ .
90
$t$ .





4.1 $([\mathrm{K}\mathrm{R}\mathrm{S}\mathrm{U}\eta)$ . $f:M^{2}arrow H^{3}$ $G,$ $G_{t}$ ,
$Q=\hat{Q}dz^{2}$ ( $z$ $M^{2}$ ), canonical forms $\omega,$ $\theta$ . ,
$\rho:=\frac{\theta}{\omega}$ , $\xi=(\frac{G_{*}’’}{G_{*}},-\frac{G’’}{G},$ $+2 \frac{G’+G_{*}’}{G-G_{*}})\hat{Q}dz^{3}$ ,
$\zeta_{\mathrm{c}}=(\frac{G_{*}’’}{G_{*}},-\frac{G’’}{G},$ $+2 \frac{G’+G_{*}’}{G-G_{*}})^{2}\frac{1}{\hat{Q}}$ , $\zeta_{\delta}=\frac{\{G_{*},z\}-\{G,z\}}{\hat{Q}}=\frac{S(G_{*})-S(G)}{Q}$
,
$\Sigma(f):=\{p\in M^{2} ; |\rho(p)|=1\}$ , $Z_{0}(f):=\{p\in M^{2} ; \xi(p)=0\}$ ,
$Z_{c}(f):=\{p\in M^{2} ; {\rm Im}\sqrt{\zeta_{\mathrm{c}}(p)}=0\}$ , $Z_{\epsilon}(f):=\{p\in M^{2} ; {\rm Re}\zeta_{l}(p)=0\}$ .
,
$\bullet$ $p\in M^{2}$ $f$ $P\in\Sigma(f)$ .
$\bullet$ $p\in M^{2}$ $p\in\Sigma(f)\cap Z_{0}(f)^{\mathrm{c}}$
.
$\bullet$ $p\in M^{2}$ cupsidal edge $P\in$
$\Sigma(f)\cap Z_{0}(f)^{c}\cap Z_{\mathrm{c}}(f)^{c}$ .
$\bullet$ $p\in M^{2}$ swallowtail $P\in\Sigma(f)\cap$
$Z_{0}(f)^{c}\cap Z_{\mathrm{c}}(f)\cap Z_{s}(f)^{\mathrm{c}}$ .
4.2. $Z_{0}(f),$ $Z_{\mathrm{c}}(f),$ $Z_{\theta}(f)$
. , : $Z_{0}(f)=Z_{0}(f_{t}),$ ‘etc. – ,
$\Sigma(f_{t})$
$\Sigma(f_{t})=\{p\in M^{2}||\rho|=e^{2t}\}$
. $|\rho|$ level set .
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( ) , , $Z_{0}$
. , $Z_{\mathrm{c}}$ , $Z_{l}$ , .
$Z_{\mathrm{c}}$ 6 $\epsilon \mathrm{w}\mathrm{a}\mathrm{U}\mathrm{o}\mathrm{w}\mathrm{t}\mathrm{a}\mathrm{i}\mathrm{l}$ , cuspidal
edge .
$\text{ }3$ : rinoid
(trinoid) , : $M^{2}=C\cup\{\infty\}\backslash$
$\{1, e^{2\pi i/\mathrm{s}}, e^{4\pi i/3}\}$ , $f:M^{2}arrow H^{3}$
$G=z$, $\omega=(z^{3}-1)^{-(1/2)}$
( 3). $Z_{0}(f)$ ,
( 3 ). $Z_{\mathrm{c}}(f),$ $Z_{l}(f)$ 3
. , cuspidal edge
. , 6 swallowtail .
$f$ . , $Z_{0},$ $Z_{c}$ , Z ,
$\Sigma(f_{t})$ ( $|\rho|$ ). 4 ,
2 3 . $t=\sqrt[3]{2}\text{ }$
, $z_{\mathit{0}}$ , cuspidal edge swallowtail ( )
, cuspidal edge swallowtail













51. 2 $M^{2}$ $f:M^{2}arrow H^{3}$
, $M^{2}$ 2 $T$ , (1) $M^{2}$
$O$ , (2) $ds^{2}+T$ $M^{2}$ , .
$ds^{2}$ $f$ – .
, 1, 3 . 5 , “
, .
$f:M^{2}arrow H^{3}$




$\bullet$ Canonical forms $\omega,$ $\theta$ $M^{2}$ 1 ,
$\omega=z^{\mu}\omega_{0},$ $\theta=z^{\mu}$ $\theta_{0}$ . $z$
, $\mu,$ $\mu^{*}\in R,$ $\omega_{0},$ $\theta_{0}$ $z=0$ .
, $G,$ $G_{*}$ ( ) . $G,$ $G_{*}$
regular end, irregular end . ,
regular end , $G$ , G $\overline{M}^{2}$
, .
5.2 $([\mathrm{K}\mathrm{U}\eta)$ . $G,$ $G_{*}$
$\deg G+\deg$ G*\geq ( )








4 , , cuspidal edge swallowtail
. , –
:
5.3. $f:M^{2}arrow H^{3}$ $\{f_{t}\}$ . , $f$
hourglass ( 1 ) , $t$
cuspidal edge swallowtail .
53 , $Z_{\mathrm{c}}(f)\cap Z_{l}(f)$ . ,
– , , $Z_{\mathrm{c}}(f)\cap Z_{l}(f)$ ,
$|\rho|$ level set – ,
.
6
( ) $u\mathit{8}tic$ . ,
. 5 ,
. \langle , , horoephere
. , 1 , snowman , hourgloe6
1 ( 6).
Rnitman [R] , ( )
, .
, , . ,
. ,




61 $\bullet$ $f:M^{2}arrow H^{3}$ , $x\in M^{2}$
.










[GMM] J. A. G\’alvez, A. Mart\’inez and F. Mil\’an, Flat $\mathit{8}urfaces$ in hyperklic 3-spaoe,
Math. Ann. $16 (2000), 419-435.
[$\mathrm{K}\mathrm{U}\eta$ M. Kokubu, M. Umehara and K. Yamada, Flat fivnts in hypefbolic $3-\varphi aoe$,
Pacific J. of Math. 216 (2004) 149-175.
[$\mathrm{K}\mathrm{R}\mathrm{S}\mathrm{U}\eta$ M. Kokubu, W. $\mathrm{R}\mathrm{o}88\mathrm{m}\mathrm{a}\mathrm{n}$, K. Saji, M. Umehara and K. Yamada, Singdarities
offlat flonts in hyperbolic space, Pacific J. of Math. 221 (205) 303-351.
[$\mathrm{K}\mathrm{R}\mathrm{U}\eta$ M. Kokubu, W. Roesman, M. Umehara and K. Yamada, Flat fionts in hypef-
$bol:c3$-spaoe and their caustics, to appear in J. of Math. Soc. Japan.
[R] P. Roitman, $A$ flat suffaoes in $hyperbol|c3$-spaoe as nomal $su\eta acs$ to a con-
gmence of gedesics, preprint.
96
